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I. INTRODUCTION 
Major advances in computers, digital analyzers and numerical 
algorithms have made experimental modal analysis a vital part of the 
study of structural vibrations. The objective of modal analysis is to 
extract characteristic parameters of a structure such as natural 
frequencies, damping values, and mode shapes from experimentally 
obtained structural responses. Therefore, a successful experimental 
modal analysis requires accurate and reliable measurement of a 
structures vibration response. 
An accelerometer is a transducer that is commonly used to measure 
vibration response of a structure. It is veil known that these 
transducers have an unwanted cross-axis sensitivity; that is, they are 
sensitive to accelerations in a direction perpendicular to the primary 
sensing axis of the transducer. Usually, this cross-axis sensitivity is 
less than 10 percent of the primary sensing axis sensitivity. This 
cross-axis sensitivity can be neglected if the primary sensing axis Is 
accurately aligned with the direction of structural motion. However, it 
is particularly difficult to align the primary sensing axis and the 
direction of structural motion when testing an unknown structure. 
Consider a typical procedure for testing the three dimensional 
vibration behavior of a structure. Unidirectional or triaxlal 
transducers are attached to the structure at various locations and are 
oriented in various defined directions in order to measure the 
structural response to a given excitation. It is common practice to 
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Interpret the output of each transducer as the structural motion in the 
direction of the primary sensing axis. This is common practice 
regardless of either the amount of cross-axis sensitivity or the amount 
of structural motion in the direction perpendicular to the primary 
sensing axis of the transducer. Thus, under certain resonance 
conditions, it is possible that the response of the structure is in a 
direction that is nearly perpendicular to the primary sensing axis of 
the transducer and results in the output signal being dominated by the 
cross-axis motion. In addition, if there is a coupled mode with other 
directions [1], either translatlonal or rotational, the potential errors 
are enormous. 
Figure 1 (located at the back of this dissertation starting at page 
49) shows an example of above mentioned misalignment between the 
direction of primary sensing axis and that of response for a general 
structure which undergoes both translatlonal and rotational motion. The 
position and direction of the attached accelerometer shows an intent to 
measure only the translatlonal motion, in the direction of PP'. This 
direction is parallel to the accelerometer's primary sensing axis, while 
the actual response picked by the accelerometer is the combined motion 
of translation and rotation, along path PP". In this particular case, 
the actual response (PP") can be decomposed Into translatlonal motion 
(PP') and rotational motion (P'P"). The normal component of rotational 
motion (P'P") will be merged into primary sensing axis signal while the 
tangential component will be sensed by the accelerometer's cross-axis 
sensitivity. When the natural frequencies of these two modes 
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(translatlonal and rotational) are close together, an underestimated or 
overestimated frequency response function is created. However, if the 
two natural frequencies are well separated compared to the frequency 
resolution of the measurement system, the combined effect of cross-axis 
sensitivity and coupled modes creates additional peaks in the measured 
frequency response function. 
There are several methods available to separate and identify these 
peaks both during the measurement stage [2][3] and during the data 
analysis stage [4|. However, the fundamental assumption that is made in 
the application of any of these methods is: "all of the peaks that 
appear in the frequency response function are due to natural modes of 
vibration with motion in the direction of the primary sensing axis of 
the transducer." Furthermore, sophisticated algorithms may lead to 
confusing results as illustrated in Fig. 2 [51(6]. In Fig. 2(a), only 
two natural modes are identified from the frequency response function 
where additional peaks are obviously neglected during data analysis 
stage. On the other hand, in Fig. 2(b) ten different natural modes are 
identified from this frequency response function where separated peaks 
are barely recognizable. 
The objective of experimental modal analysis is to define the 
dynamic characteristics of a structure in terms of its modal parameters. 
These parameters are defined by the natural frequencies, the mode 
shapes, and the modal dampings. The successful calculation of these 
modal parameters is highly dependent on the quality of the frequency 
response function. The purpose of this research is to show how the 
4 
parasitic peaks in the frequency response function that are due to the 
cross-axis sensitivity of the transducer can be eliminated at an early 
stage before proceeding with the calculation of the modal parammeters. 
The implied erroneous signal due to cross-axis sensitivity can be 
compensated for in either the time domain or the frequency domain of the 
signal depending on which compensation is convenient and appropriate for 
the data acquisition and signal processing system employed. 
Experimental frequency response functions from a uniform rectangular 
beam are used to demonstrate the effects of this compensation. 
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II. THEORETICAL DEVELOPMENT 
The construction used in the design of a transducer significantly 
effects its cross-axis sensitivity characteristics. For the purpose of 
this section, Fig. 3 graphically shows the sensitivity characteristics 
of a single transducer. 
The primary sensing axis is labled 1 and its corresponding voltage 
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sensitivity is called i.e., volts/unit measured(m/s , g's). The 
cross-axis sensitivity plane is perpendicular to the primary sensing 
axis as shown. The ideal cross-axis sensitivity is the output 
voltage/unit of input motion in direction 9 where direction 8 lies in 
the cross-axis plane as shown. Ideally is zero. The next best 
ideal is for to be a constant. Physically, it is shown in Appendix 
B that S^g can not be a constant independent of angle 9 as shown by the 
constant radius. Unfortunately, S^g Is a function of angle 9. This 
means that the values of cross-axis sensitivity are dependent on the 
directions selected for axis 2 and 3. When a given transducer is 
mounted on a triaxial mounting block, the cross-axis sensitivities must 
be determined for the condition as mounted to the block. 
For the purpose of dealing with a triaxial accelerometer, the 
mounting block is assumed to have three mutually perpendicular axes 
labeled x, y, and z. Then each accelerometer has three voltage 
sensitivities and where the subscript i is dependent on 
whether the primary sensing axis corresponds to the x, y, or z 
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directions. The values of the cross-axis sensitivities depend on the 
orientation of the other two orthogonal directions in the cross-axis 
plane. In all, nine sensitivities are required to describe the input 
acceleration and output voltage relationships for a triaxial 
accelerometer. These relationships are: 
•Sxx ®xy Sxz =x ' Bx ' 
®yx ^yz =y (1) 
• ®zx ®zy ®zz • ^®z J ^=z J 
where S^j - voltage sensitivity in the i direction due to acceleration 
in j direction 
aj - input acceleration in j direction 
- output voltage from transducer mounted with primary 
sensitivity axis in 1 direction. 
It is important to remember that the cross-axis sensitivities are not 
necessarily the maximum cross-axis sensitivities of the transducer, and 
that the sensitivity terms can be either positive or negative depending 
on how the transducers are mounted and directions assumed to be 
positive. 
The input accelerations aj can be solved for from Eq. (1). Since 
the maximum cross-axis sensitivities are usually less than 5 percent of 
the primary axis sensitivity, the accelerations can be approximated by 
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( f c l  
which can be rewritten as 
®x ' ®xo ~ ®xy ®yo ~ ®xz ®zo 
®y " ~ ®yx ®xo ®yo " ®yz *zo 
*z ®zx ®xo " ®zy ®yo * ^ zo 
(3) 
where a,, - E, / 
V • ^ ' »yy <'> 
®Z0 " ^2 ^  ®Z2 
are the commonly used but contaminated acceleration time history 
signals. These signals are usually considered to be the true 
acceleration time histories. The normalized transducer sensitivity e^j 
is related to the corresponding voltage sensitivities by 
®ij " ®ij ' ®ii 
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from which it is apparent that e^^al.O. Thus, Eq. (3) can be written as 
«X ' ®xx "®xy ~®xz 
"®yx ®yy "®yz 
®z J L-®zx "®zy ®zz 
r a 
xo 
a yo 
' ®xo ^ 
[ e ] ( «0 ) (6)  
The e matrix in Eq. (6) gives a quick overall view of the potential 
cross-axis contamination of the triaxial accelerometer signals. 
The amount of approximation used in Eq. (6) can be illustrated by 
comparing the expression for a^ with that obtained from using Cramer's 
rule on Eq. (1). The complete expression is 
a. (1-e*) xo 
(®xy"®xz®zy) 
(1-e*) 
(®xz"®xy®yz) 
(1-e*) zo 
a yo 
(7) 
where the denominator (1-e ) comes from the determinant of the 
sensitivity matrix. The denominator error term e is given by 
® " ®yz®zy ®xz®zx * ®xy®yx ~ ®xy®yz®zx ~ ®xz®yx®zy (8) 
If each cross-axis sensitivity terra = 0.10, the coefficient on a^^^ 
becomes 1.02 or the linearized terra is off by 2%. The coefficient on 
ayo ®zo **11 be in error by 8X. But if » 0.05 for each term, 
the error become 0.5% on a^^ and 4.5% on the a^^ and a^^ terms. Thus, 
Eq. (6) is sufficiently accurate for the purpose of correcting the 
apparent accelerations, a^^, a^^, and a^^, since the order of the is 
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that of essentially unity while that of e^j is of the order of 0.05 or 
less. 
Equation (6) .can be used to correct the original time histories in 
the time domain before the frequency analysis is performed on the 
signals. The major problem with this technique is that every time 
history must be processed before the frequency analysis is performed and 
then averaged. It would be simpler if the correction could be done on 
the averaged FRFs in order to reduce the required number of 
computations. 
The Fourier transform of the finite time histories in Eq. (1) can 
be processed using the same small e^j approximations to give 
r A 
xo 
, _ e A yo 
• " I Azo 
where = A^(<o) is the Fourier transform of the true acceleration 
in the ith direction and 
Aio " A^^(w) is the Fourier transform of the signal from 
transducer. 
i s X, y, and z. 
Now, starting with Eq. (9) and neglecting second order terms, the power 
spectral densities of the true structural accelerations are given by 
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®xx " ®xoxo ~ ®xy^®yoxo ®xoyo^ " ®xz^®zoxo ®xozo^ 
®yy " ®yoyo ~ ®yx^®xoyo ®yoxo^ " ®yz^®2oyo * ®yozo^ 
G * G 6 (G 4* G ) ~ c (G + G ) 
zz zozo zxr xozo zoxo' zy yozo zoyo' 
where represent the measured signal power spectral densities 
Giojo represent the measured signal cross spectral densities 
Gii represent the actual power spectral densities of the 
structural motion. 
Equation (10) shows that the power spectrum of the output motion is not 
equal to the power spectrum of the signal; i.e., G • G . The cross 
XX xoxo 
spectral densities are seen as the correction terms along with the 
normalized cross-axis sensitivities. 
However, for the purpose of experimental modal analysis, it is 
desired to obtain the corrected frequency response functions (FRFs). 
These corrections can be obtained by forming the cross spectral density 
of each term in Eq. (9) with the spectral density of the excitation 
signal and then divide each term by the power spectral density of the 
excitation signal. The result is: 
«X- «X0 ®xy "yo - ®xz "zo 
«y- " ®yx «X0 + "yo " ®yz "zo (11) 
"z- - ®zx «X0 - ®zy 
% + 
"zo 
or 
f  H  
xo 
m e H ,  yo 
• L «zo 
(12) 
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where > H^((o) is the FRF for the true structural motion in the ith 
direction 
is the apparent FRF with contaminated information 
about the structures motion in the ith direction, 
i - X, y, and z. 
Equation (11) or (12) is attractive to use since the calculations to 
remove the cross-axis contamination are performed on the averaged FRFs. 
This fact significantly reduces the required calculations. In addition, 
Eq. (11) or (12) simply requires that the FRFs be obtained 
simultaneously. No cross spectral calculations between the structural 
responses are required. This is a decided advantage over Eq. (10) which 
has a large number of such cross spectral terms. Hence, several dual 
channel FFT units can be used to obtain the FRFs for Eq. (11) or (12) 
where the excitation is a common signal to each dual channel unit. 
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III. EXPERIMENTAL PROCEDURE 
A. Accelerometer Calibration in Time Domain 
Two different triaxial accelerometer units were calibrated and used 
in this experiment. One is a triaxial accelerometer manufactured by PCB 
(Model 306A06). The other triaxial accelerometer was constructed by 
mounting three Endevco (Model 2222) miniature accelerometers on a 
15.88mm X lS.88mmm X 15.88mm steel cube with ground parallel and 
perpendicular surfaces. The relative position of each accelerometer was 
maintained throughout the entire experimental procedure from calibration 
to actual acceleration measurement to ensure consistent transducer 
characteristics in sensing cross-axis motion. 
In order to measure the sensitivity of a transducer, it is first 
necessary to define the absolute motion of the calibration shaker. It 
is obvious that any amount of transverse motion in the shaker will 
deteriorate the cross-axis calibration results, since any transverse 
motion generates a signal output due to the primary sensitivity of the 
transducer which has much higher value than the cross-axis sensitivity. 
Therefore, only a small amount of transverse motion in the shaker can 
generate almost the same order of erroneous signal as that of the signal 
to be calibrated. There are several methods to determine the absolute 
motion of the shaker. One method uses two noncontacting 
mutual-inductuance probes [7] to measure the motion. In a method used 
by the National Bureau of Standards [8] in evaluating vibration 
13 
standards, three accelerometers with nearly equal sensitivities are 
mounted with their principal sensitivity axes mutually perpendicular to 
each other as in this experiment. Once the absolute motion of the 
shaker is defined, transverse calibrations of transducers are best 
performed within the frequency range where errors resulting from 
extraneous transverse motion are small. 
For this experiment, a specially constructed calibrator as shown in 
Fig. 4 is used to measure the 9 voltage sensitivities. The main feature 
of this calibrator is to provide uniaxial motion of mounted 
accelerometers and to minimize interference of the supporting structure. 
It consists of a guide shaft and a teflon bearing. A steel shaft of 
circular section with 3/4" diameter and 4 1/2" long is used as the guide 
shaft. The calibration standard accelerometer is attached to one end of 
the shaft and the impact head is attached to the other end of the shaft. 
The triaxial accelerometer is attached to the calibtation standard as 
shown in Fig. 4. The impulse duration is controlled by the impact head. 
The teflon bearing is 3" long and rigidly connected to the ground floor 
to provide fixed position relative to the motion of the guide shaft when 
impacted. The clearance between the shaft and bearing is 8/10000" so 
that the guiding shaft can undergo smooth linear motion without yawing 
and pitching. The impact pendulum is suspended from the ceiling and its 
motion is restricted to the vertical plane. The pendulum support is 
carefully aligned to ensure that the tangential direction of the 
circular path coincides with the longitudinal axis of the guide shaft at 
the moment of impact. This calibration impulse excitation technique is 
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consistent with the structural test procedure that also uses an 
impulsive excitation. 
The nearly half sine impulse signal from each transducer and a 
standard calibration accelerometer are recorded simultaneously on a 
Norland 3001/DHX digital processing oscilloscope. The calibration 
accelerometer has a sensitivity of 10.0 mV/g over a broad range of 
frequencies. The sensitivity of each transducer is obtained by plotting 
the output of the transducer to be calibrated (either a primary or a 
cross-axis direction) on the vertical axis against the standard signal 
on the horizontal axis of the digital oscilloscope Cathode Ray Tube 
(CRT). The signal relationship should be that of a straight line. An 
internal statistical program is used to calculate best straight line 
parameters from the data as veil as the corresponding correlation 
coefficient bevteen the two signals. Then, the sensitivity of 
transducer i in direction J is given by 
Sjj - 10.0 bj ( mV/g ) (13) 
where bj is the slope of the line. The results of this test are 
presented in Table 1 where the slopes and correlation coefficients (in 
parentheses) are shown. The negative slopes indicate that the 
cross-axis output was 180° out of phase with respect to the standard 
impulse signal. 
One of the major problems with this calibration scheme is to remove 
any cross-axis motion of the rod in its teflon bearing. Some 
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calibration runs had to be repeated since the cross-axis signal clearly 
showed significant motion. Careful alignment of the Impact bar and 
sufficient lubrication between the rod and teflon bearing tended to 
reduce these problems. Typical time history plots of signals from 
primary sensing axis and cross-axis of each Endevco miniature 
accelerometer constructed for a triaxial accelerometer for a appropriate 
time window are shown in Fig. 5. In Fig. 5, a^^ is the signal from the 
accelerometer with the primary sensing axis in the x-direction, a is yx 
from the accelerometer with the primary sensing axis in the y-direction, 
and is from the accelerometer with the primary sensing axis in the 
z-direction. The second subscript x indicates the direction of input 
impulse. The time history a^^ is a smooth and nearly complete half sine 
wave as expected, while a^^ and a^^ have higher frequency components 
superimposed. These higher frequency components can be related to the 
first natural frequency of the guide shaft in a flexural mode and the 
natural frequency of the support structure, which are around 190 Hz and 
310 Hz, respectively. To eliminate the effect of extraneous transverse 
motion of the calibrator on the calibration results, succeeding 
measurements with this triaxial accelerometer were restricted to an 
upper limit of 50 Hz. The calibration data given in Table 1 was used 
for the compensation scheme on the FRPs of the zoom measurement. Nine 
elements of the normalized sensitivity matrix in Table 1 represent 
constant sensitivity values in this frequency range. 
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B. Accelerometer Calibration in Frequency Domain 
The level of signals generated by cross-axis sensitivity is small 
compared with that of the primary sensing axis signal. Hence, any 
slight deviation of the calibration set-up from uniaxial motion gives a 
poor cross-axis signal that is contaminated by the dominant primary axis 
signal. The calibration scheme must be adequate to compare the 
relatively low level of the cross-axis signal with the high level of the 
primary sensing axis signal. In addition, it must detect any possible 
overlap of high level signal onto a low level one. The calibration 
method using a resonant bar satisfies these requirements. 
A beam of rectangular cross section was constructed as a test 
structure for use in calibration. This beam is similar to that used for 
the modal analysis. Detailed dimensions of the resonant beam and 
primary and cross-axis directions are shown in Fig. 6. The beam is 
supported at those node points which correspond to the fundamental 
free-free mode of vibration. The standard accelerometer and the 
triaxial accelerometer that is to be calibrated are mounted at the 
midpoint of the beam. Vhen the beam is excited by an impulse applied at 
its midpoint, a relatively high level of response occurs at the first 
and third free-free natural frequency of the beam. The standard 
accelerometer signal is considered to be the input while the output 
signal corresponds to the accelerometer that is being calibrated. The 
required transducer sensitivity ratio is determined from the frequency 
response function over a narrow range of frequencies around each natural 
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frequency. The frequency resolution is increased by using the zoom 
analysis around each resonant frequency. Since the resonant bar has 
close natural frequencies in each direction perpendicular to the 
rectangular cross section, any signal overlap from the primary sensing 
axis due to a deviation from a unidirectional response can be detected 
as an additional peak in the zoomed power spectral density measurement 
for the cross-axis signal. 
The zoomed cross-axis output for the x-direction is shown in Fig. 7 
with the frequency ranging from 140 to 190 Hz. The third natural 
frequency of the beam is about 164.6 Hz which lies near the mid point of 
the frequency axis shown. The reference signal used for both the FRF 
and the coherence function is the standard reference accelerometer 
signal. The frequency response function is flat with a constant value 
over a narrow range of frequencies around the third natural frequency of 
the beam. The corresponding coherence function has value close to 1 
which is required to have a reliable measurement of the sensitivity 
ratio from the FRF. The low value of the coherence function in the 
region away from the resonance frequency indicates that a significantly 
lower level of transducer signal is being obtained. In other words, the 
noise to signal ratio off the resonant frequency is significantly high. 
Therefore, the information contained in the frequency response function 
may be contaminated and is not reliable for this frequency range. These 
results suggest that calibration of the cross-axis signal should be 
restricted only at specific frequencies corresponding to the natural 
frequencies of the resonant bar where relatively high level of responses 
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are obtained. 
Figures 8 and 9 show the zoomed and baseband frequency response 
functions and coherence functions between the standard signal and one of 
the primary sensing axis signal, respectively. Both figures show a high 
value of the coherence function for a relatively broad range of 
frequency, which demonstrates acceptability of this calibration scheme 
for the primary sensing direction. A principal disadvantage of this 
calibration method is that only the resonant frequencies of the beam can 
be used. By using several beams with different cross sections, a number 
of discrete points can be plotted over a desired range of frequencies. 
A curve can be drawn through these points to show how the calibration 
varies with frequency. 
The PCB triaxial accelerometer calibration results are given in the 
form of a sensitivity matrix in Table 2. This calibration data will be 
used in the compensation scheme for the baseband measurement of 
frequency response functions. 
C. Impact Hammer Calibration 
A standard PCB Model 086B09 impulse force hammer is used to excite 
the beam. Various impact tips are tested to obtain the desired impulse 
time duration. Two impulse time durations are required in this 
experiment. One is around 2 msec for the baseband measurement up to 200 
Hz, and the other is around 20 msec for the zoom measurement with 
frequency band of 50 Hz. The mass of the impact tip and hammer body 
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greatly effects the sensitivity of force transducer Instrumented on the 
hammer [9][10][11]. Therefore, the impact hammer should be calibrated 
for each different impact tip being used. A pendulum system is used for 
the calibration of the impact hammer, vhose detailed procedure is 
described in Reference [11]. An acrylic tip is used to provide 2 msec 
impact duration. The calibrated sensitivity of the force transducer 
with this tip is 10.0 mV/lbf. The other time duration of 20 msec is 
obtained by attaching soft rubber tip, which gives sensitivity of 10.3 
mV/lbf. 
D. Vibration Measurement 
1. Experimental apparatus 
A uniform rectangular, nearly square, cold rolled steel beam is 
used as a test structure. The bar dimensions and coordinate system are 
shown in Fig. 10. The beam is discretized with 24 nodal points along 
the length of the beam in the x-direction. The cross section dimensions 
are chosen in such a manner that the natural frequencies in the y and z 
directions are closely spaced for each free-free mode of vibration. The 
frequency ratio of the corresponding modes in y and z-direction is the 
ratio of the dimensions of beam cross section; that is y/z - 9/8. This 
ratio gives approximately a 3 Hz difference for the first mode and a 30 
Hz difference for the fourth mode. Theoretical values of natural 
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frequencies of the test beam calculated using the Euler beam theory are 
shown in Table 3. 
The beam is suspended by soft cords at the two node points for the 
fundamental free-free mode of vibration as shown in Fig. 10. It is 
desired to provide consistent positional and directional force input to 
the beam. In order to provide consistent positional inputs, small cone 
shaped dents are spaced along the x-axis on both y and z surfaces. A 
small steel ball is placed in the dent and is held in position by using 
beeswax. When the ball is actually hit by the impact hammer, the 
location of the input is precisely controlled with this scheme. A 
consistent impact direction remains the only major problem in striking 
the beam. 
Two cases of impact direction are considered in this experiment. 
In the first case, the beam is impacted in the y-direction. The intent 
is to excite only motion in the y-direction so that (a) contamination in 
the other direction is clearly evident and (b) the true frequency 
response function in the y-direction is obtained with minimum error. 
In the second case, the excitation is applied at the corner of the 
beam at an angle of 42° (arctan 8/9) from the y axis along the 
S-direction as shown in Fig. 10. This type of excitation, which has 
same effect of giving input in both y and z-direction, is considered to 
produce a clear example of contaminated frequency response functions in 
both y and z-direction. Furthermore, since the input direction passes 
through the shear center of the beam cross section, the torsional mode 
of the beam is effectively removed. This is called the S-direction 
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input. In this case, the beam is rotated 42° so that S-direction is 
then horizontal and is perpendicular to the supporting cords. This 
rotation helps to keep the impact directions more precisely aligned. 
The calibrated triaxial accelerometer is attached at the positive 
x-direction surface of the beam. Each accelerometer output is connected 
to one of three Bruel & Kjaer (B&K) type 2032 dual channel signal 
analyzers. When measuring transient responses in order to obtain the 
corresponding FRF for the three directions, all analyzer units should 
trigger at approximately the same instant. Thus, all analyzer units use 
the same force transducer sensitivities and voltage trigger levels. 
When time domain corrections are used, a four channel system using 
simultaneous sampling is required. Thus, frequency domain method in 
which each individual FRF is employed has an additional advantage. 
2. Frequency analyzer description 
The analysis on the Bruel & Kjaer (B&K) dual channel signal 
analyzer type 2032 is performed using the Fast Fourier Transformation 
(FFT) algorithm of the Discrete Fourier Transformation (DFT) which works 
on blocks of time data. Several different types of weighting functions 
can be applied to the time history records before the FFT is calculated 
on each channel. Also the type of averaging (linear or exponential) and 
the number of averages can be selected according to the type of 
analysis. 
For this experiment, two different weighting functions are applied 
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on each channel. A transient window function is applied to the force 
signal in channel A, which will increase the signal to noise ratio and 
exclude other force signals which are not fed into the structure. 
Exponential window function is applied to the response signal 
(acceleration) in channel B in order to avoid leakage effects due to 
truncation of the signal at the end of the record and in order to 
increase the signal to noise ratio in the analysis. 
There are two types of frequency response functions defined in B&K 
type 2032 signal analyzer [12][13]. These are: 
H,(f) AB 
GAA(f) 
H,(f) ^ — 
(14) 
GbaCO 
where is Power Spectral Density function of input 
Ggg Is Power Spectral Density function of output 
and Gg^ are Cross Spectral Density functions between input 
and output. 
For an ideal situation in which the measured signals are not 
contaminated by any kind of extraneous noise, and Hg are identical. 
If the measured input signal is contaminated by extraneous noise, Hg 
gives unbiased estimation of the frequency response of the system. On 
the other hand, gives the unbiased estimation of the frequency 
response when the measured output signal is contaminated by extraneous 
noise. Generally, is used for the notches, where output noise tends 
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to dominate, and Hg at the peaks, where input noise or leakage tends to 
cause the problem. 
For the data analysis in this experiment, is chosen as the 
estimated FRF of the test beam. The reasons are (a) the output signal 
from the cross-axis of the accelerometer is most susceptible to noise, 
(b) the zoom measurement that is taken where resolution bias error 
causes the problem would improve the estimation, and (c) the window 
functions applied play a role of idealizing the input and output, thus 
and Hg are almost identical each other with this measurement set-up. 
The FRF is obtained by averaging 10 sets of input-output data for 
each input location. Â standard linear averaging scheme is utilized 
where each FRF carries the same weight. 
The standard computer program used to extract modal parameters is 
the Nodal-Plus 9.0 software developed by Structural Dynamics Research 
Corporation (SORC). This program is designed to process only 512 
spectral lines of the frequency response function. Therefore, even 
though B&K type 2032 signal analyzer generates 801 spectral lines to 
represent frequency response function for a given frequency window, only 
512 spectral lines of the measurement are stored in the computer for 
later analysis. 
3. Baseband measurement 
Baseband measurement of the frequency response function can provide 
an overall view of the test structure for relatively broad range of 
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frequencies. The PCS triaxial accelerometer, which vas calibrated using 
the resonant bar technique Is used for this measurement. The frequency 
range of these measurements is 0~400 Hz with resolution of 0.5 Hz. This 
frequency range includes four natural modes of the test beam. 
The impact duration is about 2 msec, so that most input energy is 
concentrated in the frequency range below 400 Hz. FRF values from 10.5 
Hz to 266.0 Hz which corresponds 512 spectral lines are stored in the 
computer for the reason stated above. The low frequency region is 
dropped out to eliminate DC drifting of the instruments and rigid body 
modes of the test beam. 
4. Zoom measurement 
The advantage of zoom measurement is that it can provide greater 
detail of the frequency response function over a narrow frequency range 
that is of interest. Furthermore, frequency resolution bias error can 
be significantly reduced with zoom measurement, especially for a lightly 
damped structure like the test beam used in this experiment. 
The triaxial accelerometer, which was constructed using 3 miniature 
Endevco accelerometers, was used for the zoom measurement. Since the 
calibration data for this triaxial accelerometer is reliable only below 
150 Hz, zoom measurement around the first natural frequency of the beam 
was considered. For this measurement, the center frequency is 25 Hz 
with bandwidth 50 Hz and frequency resolution of 0.0625 Hz. For the 
same reason as in the baseband measurement, only 512 spectral lines (5.0 
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~ 36.9375 Hz) are stored for data analysis. 
Except the frequency resolution, all measurement settings are 
identical with the baseband measurement. 
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IV. RESULTS AND DISCUSSION 
A. Frequency Response Functions with Baseband Measurement 
Figures 11 and 12 are the frequency response functions (FRFs) of 
the test beam obtained from simultaneously measured signals of 
accelerometers with primary sensing axes in the y and z-dlrection when 
the input is in the S-dlrection. These are typical FRFs when the 
response coordinate and excitation coordinate are Identical at node 1 of 
the beam. They are characterized by their deep troughs between the 
resonant peaks. Figures 13 and 14 are typical transfer FRFs when the 
response coordinate is at node 1 and the input coordinate is at node 24 
at the extreme end of the beam. The direction of input and output are 
the same as in Figs. 11 and 12. 
In Figs. 11 and 13, points B, C and D Indicate the clear evidence 
of parasitic peaks due to the z-directlonal bending modes of the beam 
sensed by the cross-axis sensitivity of the accelerometer with the 
primary sensing axis in the y-dlrection. Similarly, in Figs. 12 and 14, 
points A, B, C, and D Indicate the amount of contamination due to the 
y-directlonal bending modes of the beam sensed by the cross-axis 
sensitivity of the accelerometer with the primary sensing axis in the 
z-dlrectlon. 
In each of these figures, the additional peak at point A which 
corresponds to the parasitic first mode of the test beam In either 
y-directlon or z-direction is not as significant as the other parasitic 
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peaks are at points B, C, and D. This suggests that the 0.5 Hz 
frequency resolution is inadequate to clearly identify these two peaks 
which are spaced about 3 Hz apart. This question of frequency 
resolution is explored in the next section when zoom measurements are 
made around the fundamental frequency with a resolution of 0.0625 Hz. 
The main feature of these additional peaks is that each peak is 
preceded or followed by a deep crest, especially for Figs. 13 and 14 in 
which there should be no troughs for typical transfer FRFs. This 
phenomenon can be explained as follows. The normalized mode shapes are 
Identical both in y and z direction for the one dimensional beam. 
Therefore, the modal constants of these parasitic modes have the same 
sign as those of corresponding true modes. If two consecutive modes 
have the same sign for the modal constants, the contributions of the two 
modes have opposite sign to each other so that they are subtractive in 
the region between the two resonances. This small value of frequency 
response produces the anti-resonance characteristic on a logarithmic 
plot of these types. The most Important feature of the antiresonance is 
the fact that there is a phase change associated with it, as well as a 
very low magnitude. This sudden phase shift will effect the modal 
parameters to be extracted significantly when the circle-fit methods are 
used [14]. 
Figures 11, 12, 13 and 14 demonstrate the results of compensation 
on the contaminated FRFs. The compensated curve not only effectively 
removes the additional peaks but also reflects the scale factor 
correction for the true FRF in each direction. The difference in 
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magnitude of raw and compensated FRF is due to the scale factor of the 
inclined input. The input in the S-direction is the vector sum of the 
components in pure y and z-directional input. This means that the raw 
FRF, with an input in the S-direction, gives underestimated frequency 
response of the beam in y and z-direction by the scale factor of 0.44 [-
2 2 
sin (arctan 8/9)] and 0.56 [> cos (arctan 8/9)], respectively. 
It is necessary to examine if these compensated FRFs actually 
represent the true FRFs of the test beam. This is done by conducting a 
set of measurements where the input force is in the y-direction only. 
For this input case, the cross-axis sensitivity will have a minimum 
effect on the y-direction output, so that the resulting FRF can be 
considered to be the true y-direction bending mode. Figures 15 and 16 
show the FRFs of the beam in y-direction with input in the y-direction 
at node 1 and 24 which are compared with the compensated FRFs of Figs. 
11 and 13. Except for the discrepancies around troughs, where the 
signal level is extremely low, the two FRFs match well. Since the most 
important region for analysis is usually around the peaks, the 
compensation scheme is considered to effectively retrieve the true FRF 
of the test beam. 
An interesting feature of the cross-axis sensitivity effect on the 
measured FRF is illustrated in Fig. 17. In this figure, the FRF of the 
beam in the y-direction with an S-direction input at node 3 is shown. 
The node number 3 is close to the nodal point of the third natural mode 
of the test beam. Here, the additional peak at point A which 
corresponds to the third natural frequency of the beam in the 
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z-dlrectlon appears insignificant. This indicates that the effect of 
the cross-axis sensitivity Is not significant, unless the response of 
the structure in that particular cross-axis direction is significant. 
Compensated FRF compared with FRF in the y-directional input and output 
is also shown in Fig. 18, demonstrating the effectiveness of this 
compensation scheme. 
B. Frequency Response Functions with Zoom Measurement 
Figure 19 shows the averaged raw and compensated FRF (magnitude and 
phase) for the y-direction when the beam was impacted in the 
y-direction. This is a nearly ideal situation for many reasons. First, 
a perfect impact should excite only y-direction motion. Second, the 
primary sensing axis of the transducer is in the direction of dominant 
motion. Thus, the raw and compensated FRFs are nearly identical. The 
modal analysis software is designed to analyze this type of data. 
Figure 20 shows the raw and compensated FRF in the x-direction when 
the beam was impacted in the y-direction. In the region around point A, 
there is no response above the measurement system noise threshold 
because of the low-level response in the z-direction. At point B, 
however, there is a significant cross-axis transducer response to the 
motion induced in the y-direction by the impact in the y-direction. The 
compensated technique effectively removes this sensitivity to nearly the 
same level as the measurement system noise threshold. 
Figure 21 shows the raw and compensated FRF in the z-direction when 
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the beam is impacted in the y-direction. The peak at A is due to the 
small amount of motion that is induced in the z-direction because of an 
imperfect test system. This imperfection is caused by impact hammer 
misalignment and nonorthogonality of the physical system. Figure 21 
also shows how the compensation effectively removes the y-axis response 
at point B, reducing the signal to the noise threshold, while there was 
no significant change in peak A. 
Figure 22 shows the raw and compensated FRF in the x-direction when 
the beam is impacted in the S-direction. The x-axis transducer is 
sensitive to both the y-axis and the z-axis motion as shown at points A 
and B. The compensation removes most of this cross-axis sensitivity and 
gives a signal that represents the noise threshold for this 
accelerometer system. 
Figure 23 shows the raw and compensated FRF in the y-direction when 
the beam is impacted in the S-direction. The S-direction impact excites 
large responses in both the y and z-directions. The transducer 
sensitivity to the z-direction acceleration is shown by the dual peak 
pair at points A and B. The compensation removes most of this 
contaminated information, and the resulting curve is identical to that 
shown in Fig. 19 for the nearly ideal response FRF except for the scale 
factor due to the angle of impact. 
Figure 24 shows the raw and compensated FRF in the z-direction when 
the beam is impacted in the S-direction. The z-axis transducer is 
sensitive to the y-axis motion as shown at points A and B. The 
compensation removes this contaminated Information. 
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C. Modal Parameters Extracted 
The most important question from the engineering point of view is 
what is the effect of the transducer cross-axis sensitivity on the final 
results obtained from the measured frequency response functions (FRFs). 
In other words, are those parameters which are to be extracted from the 
contaminated FRFs significantly different from those obtained from the 
true FRFs of the structure, or are the errors negligible and can be 
neglected? 
To answer this important question, two sets of FRFs for the test 
beam are analyzed by the modal analysis software. The first set 
consists of the raw FRFs obtained using signals from the accelerometer 
with its primary sensing axis in the y-direction with the S-direction 
input. The second set consists of the compensated FRFs shown in Figs. 
11, 12, 15 and 16. 
Figure 25 is the plot of Bode diagram corresponding to the raw FRF 
of Fig. 11 which is the baseband measurement at node 1 and its 
equivalent analytical model generated by Modal-Plus using the search 
peak algorithm [15]. Modal-Plus extracts modal parameters by the 
repeated application of an single degree of freedom curve-fit to each of 
the resonances in turn until all modes visible on the plot have been 
identified. An analytical curve, based on the modal parameters 
extracted from the measured data, is overlaid on the original measured 
curve to assess the success of the curve-fitting process. If the 
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measured and analytically generated FRFs match veil, this indicates the 
analysis is successful. According to the result shown in Fig. 25, the 
program identifies the parasitic peaks as true natural modes of the 
beam. An exception is the first small peak that occurs just before the 
first large peak which is lost due to the large ù£ of the frequency 
analysis. The appearance of the parasitic peaks leads the program to 
identify 7 natural frequencies for the test beam in this frequency 
range, while only 4 of them are true natural frequencies. In addition 
to those fictitious natural frequencies, these peaks deteriorate the 
overall shape of the FRF and significantly effect the other parameters 
to be extracted, especially when using a multi-degree of freedom 
algorithm [15]. 
Figure 26 shows the compensated FRF from Fig. 11 and its analytical 
model. This gives 4 natural frequencies of the beam in the y-direction 
which is consistent with the beam model for this frequency bandwidth. 
Modal parameters are extracted from three different data sets and 
they are given in Tables 4, 5, and 6 for comparision. In these tables, 
YY represents the case considered as true modal parameters that are 
extracted from the FRF in Fig. 15 with both the input and output in the 
y-direction. The heading SY corresponds to the FRF in Fig. 25 with the 
input in the S-direction and contaminated output in the y-direction. 
The heading CS corresponds to the FRF In Fig. 26 in which the 
contamination is compensated for. 
In Table 4, three sets of natural frequencies are compared. In 
case YY, the four frequencies extracted are reasonable estimates of the 
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natural frequencies of the test beam given in Table 3. Each frequency 
extracted is a little lover than its corresponding theoretical value. 
One reason is that the extracted frequencies are damped natural 
frequencies which are slightly lower than undamped natural frequencies. 
A second reason is that the calculated natural frequencies are based on 
the Euler beam theory which ignores shear deformation and rotary inertia 
effects. A completely different result is shown in case SY. Three 
additional modes are extracted compared to the case YY. The extraction 
of each natural frequency is based on the actual peaks shown in the FRF 
plot. These three parasitic modes are different from the so called 
'computational modes' which often appear when the complex exponential 
algorithm is used to extract natural frequencies. It is obvious that 
this type of analytical result can mislead even an experienced analyst. 
Real physical modes of the test beam are clearly retrieved in case CS 
after compensation. The beauty of the compensation scheme is that it is 
not necessary to apply any engineering judgement to interpret the test 
results to identify the real modes. 
In Table 5, three sets of modal damping values are compared. 
Unfortunately, there is no way to compare these experimental values with 
corresponding theoretical ones. Actually, it is the main feature of the 
experimental modal analysis that the damping, which is often a 
troublesome quantity to estimate with an analytical approach, can be 
directly estimated from the measured structural response. A comparison 
of the two cases, YY and SY, reveals that the damping value is generally 
underestimated for the contaminated FRF. This general trend can be 
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explained by examining the overall shape of the FRF in Fig. 25. To 
curve-fit all the parasitic peaks, the overall shape of the FRF is 
inevitably distorted which makes the peaks appear sharper than they 
actually are. The estimated damping value based on the shape of FRF 
around the resonant peak naturally becomes smaller. Also it is 
interesting to note that the damping values of the second and fourth 
modes in the SY case are significantly smaller than the others. These 
are the damping values of the parasitic modes, and again are enough to 
confuse the analyst. Usually, the analyst examines the damping values 
in order to identify the fictitious 'computational modes', because the 
computational modes have significantly higher damping values than those 
of the true modes. The correspondingly small damping values in the SY 
case are just another example illustrating how difficult it is to 
recognize the cross-axis sensitivity error during the analysis stage. 
Conversely, the compensated FRF in the CS case gives nearly the same 
values for the estimated modal damping of the test beam as in the YY 
case. 
In Table 6, three sets of modal constants are compared. Modal 
constants are the basic quantity which estimate the mode shape of the 
test structure. It is not surprising to note that the modal constants 
in the SY case are much less than those in YY case, considering the 
scale factor of the input force. Again, the parasitic modes have 
significantly lower values for modal constants. Since the modal 
constant is an Index of the modal contribution to the structural 
response, the amount of error due to the cross-axis sensitivity of the 
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transducer can be easily seen in this table. The compensated FRF 
provides nearly the same modal constant as that obtained in the YY case. 
The greatest error, however, occurred in the first mode. The relatively 
large discrepancy that occurred in the first mode between cases YY and 
CS is considered to be due to the resolution bias error around the first 
peak where the parasitic peak and the real peak are mixed together. 
Figures 27 shows the analytical model for the contaminated FRF 
around the first mode from the zoom data, while Fig. 28 shows the 
corresponding analytical model for the compensated FRF. A comparison of 
these figures shows the significant effect of the cross-axis sensitivity 
on the parameters to be extracted. 
D. Mode Shapes 
It is possible to extract certain modal properties for a particular 
mode by curve-fitting a single FRF curve. This curve-fitting procedure 
gives the natural frequencies and damping properties directly. But it 
does not explicitly yield the mode shape. In order to extract mode 
shapes, it is necessary to measure and analyze a full set of N FRFs for 
an N degree of freedom structure. The fact that the cross-axis 
sensitivity of the accelerometer contaminates the entire set of measured 
FRFs for a given input and output direction is best illustrated by the 
mode shapes calculated. 
Figure 29 shows the first mode shape of the beam in the y-direction 
where the contaminated FRFs and compensated FRFs produce identical 
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shapes. These two mode shapes are indistinguishable, even though the 
modal constants estimated from each FRF at node 1 are different as shown 
in Table 6. It can be shown that the relative ratios not the absolute 
values of the modal constants which are estimated from two different 
sets of FRFs, are identical to each other at the corresponding nodes. 
In Fig. 30, however, the second and third mode shapes calculated from 
the contaminated FRFs produce almost identical mode shapes, while the 
third contaminated mode shape appears Identical to the second mode shape 
calculated from the compensated FRF data. Actually, the second mode 
shape MS2Y2 in Fig. 30 corresponds to the second mode shape of the beam 
in the z-direction which supposedly gives an identical mode shape when 
normalized. This result indicates that the transducer cross-axis 
sensitivity error is nearly proportional to the response of the beam in 
the z-direction among the entire set of FRFs measured, and is not 
restricted to a particular FRF. Since the test beam in this experiment 
has identical mode shapes in both y and z direction, the erroneous mode 
is relatively easy to recognize. But it is obvious, when the test 
structure has different mode shapes in 3-dimensions, that this kind of 
confusion can result in misleading information on the true mode shapes 
of the structure at various frequencies. 
Figures 31 and 32 show the fourth and fifth as well as the sixth 
and seventh mode shapes that are calculated from the contaminated FRFs. 
These are compared with the true third and fourth mode shapes of the 
beam that are calculated from the uncontaminated YY FRF data, 
respectively. All these figures show that the transducer cross-axis 
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sensitivity can systematically contaminate the measured response. The 
amount of contamination and error depends on the response in the 
particular direction that is measured as veil as the direction 
perpendicular to the primary sensing axis of the transducer. 
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V. CONCLUSIONS AND RECOMMENDATIONS 
The effects of transducer cross-axis sensitivity on experimental 
modal analysis are investigated in this research. The cross-axis 
sensitivity is an Inherent characteristic of the transducer, and it 
ranges from about one to five percent for the transducer employed in 
these experiments. In each transducer tested, the cross-axis 
sensitivity effects were evident in the test data when displayed in the 
frequency response function form. 
The experience of using contaminated transducer signals in an 
experiment designed to clearly show the cross-axis sensitivity effects 
supports the following conclusions. 
1. The proposed theoretical input-output model that is developed 
from Eq. (1) is an adequate representation of the cross-axis 
sensitivity effect of the transducer. This model shows that 
nine transducer voltage sensitivities are required to 
completely define a tri-axial transducer. 
2. The error due to the cross-axis sensitivity of transducer 
cannot be neglected whenever there is a directional 
misalignment between the structural response and the primary 
sensing axis of the transducer used. 
3. The cross-axis sensitivity effects are clearly evident in the 
FRF for a given primary sensing direction for this well defined 
demonstration structure. This result shows that the 
cross-axis contamination error is not random in nature. This 
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error is systematically accumulated in the averaged FRFs. 
4. The cross-axis error can be effectively removed in the 
frequency domain by using the simple approximated equations 
given as Eqs. (11) and (12). The equations rely only on the 
normalized cross-axis sensitivities 
5. The ability to correct the FRFs after averaging the 
experimental data is computationally efficient. 
6. The modal parameters, consisting of natural frequency, damping, 
modal constant, and mode shape, are distorted and often 
incorrect when the contaminated FRFs are used in the data 
analysis. This distortion is shown in Tables 4, 5, and 6. 
7. The modal parameters obtained from the corrected FRFs which 
includes cross-axis effects are nearly identical to those 
obtained from the ideal input case which exhibited no 
cross-axis effects. This can also be seen in Tables 4, 5, and 
6 .  
One of the major applications of experimental modal analysis is to 
verify the validity of a finite element or other theoretical model. The 
distorted modal parameters obtained from the uncorrected FRFs can have 
far reaching effects when trying to match finite element or other 
theoretical results to experimental results. Often the theoretical 
models are distorted or made incorrect in order to match the incorrect 
experimental data. Therefore, it is recommended that any modal test for 
a structure that is suspected of coupled modes, which is not uncommon in 
practice, should utilize this correction procedure in order to obtain an 
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accurate vibration response model. 
A major problem in this correction scheme is to accurately 
determine the six cross-axis transducer sensitivities in a tri-axial 
accelerometer. These sensitivities represent the signal due to a pure 
motion in a direction parallel to one of the primary sensing axis of the 
tri-axial accelerometer. Any motion other than the primary sensing 
direction severely contaminates the calibration results. Thus, it is 
recommended that a better and easier to use calibration scheme be 
developed that will allow the cross-axis sensitivities to be obtained 
over a broad range of frequencies. Such a calibration scheme is 
crucially needed in order to make this correction technique economically 
available to the testing industry. 
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VIII. TABLES AND FIGURES 
Table 1. Normalized sensitivity matrix [e..] obtained using 
calibrator for the triaxial accelerometer 
constructed by three Endevco miniature 
accelerometers 
(Numbers in parentheses are linear correlation 
coefficients with respect to the standard 
calibration signal) 
1.000 (0.99) 0.008 (0.85) -0.028 (0.92) 
-0.041 (0.94) 1.000 (0.99) 0.041 (0.96) 
-0.016 (0.84) -0.020 (0.91) 1.000 (0.99) 
Table 2. Normalized sensitivity 
matrix [e..] obtained 
using resonant bar for 
the triaxial accelerometer 
PCB Model 306A06 
1.000 0.028 -0.051 
-0.045 1.000 0.041 
0.020 -0.036 1.000 
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Table 3. Natural frequencies of the test beam in three 
directions 
^^^^^direction 
mode 
X y z 
First 1099 Hz 27.63 Hz 24.56 Hz 
Second 2198 Hz 76.17 Hz 67.71 Hz 
Third 3298 Hz 149.34 Hz 132.75 Hz 
Fourth 4396 Hz 246.84 Hz 219.42 Hz 
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Table 4. Natural frequencies extracted from 3 different sets of 
FRF 
Mode YY* SY^  CS*' 
1st 27.58 Hz 27.59 Hz 27.59 Hz 
2nd 75.86 Hz 67.55 Hz 75.91 Hz 
3rd 148.41 Hz 75.91 Hz 148.52 Hz 
4th 244.92 Hz 132.29 Hz 244.92 Hz 
5th 148.52 Hz 
6th 218.05 Hz 
7th 244.92 Hz 
*FRF with both input and output in the y-direction. 
F^RF with input in the S-direction and output in the 
y-direction. 
*^ FRF compensated from the case SY. 
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Table 5. Nodal damping values extracted from 3 different sets of 
FRF 
Node YY® SY*) CS® 
1st 0.00560 0.00401 0.00501 
2nd 0.00154 0.00008 0.00143 
3rd 0.00131 0.00142 0.00122 
4th 0.00056 0.00038 0.00060 
5th 0.00073 
6th 0.00068 
7th 0.00070 
®FRF with both input and output in the y-direction. 
F^RF with input in the S-direction and output in the 
y-direction. 
®FRF compensated from the case SY. 
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Table 6. Modal constants extracted from 3 different sets of 
FRF 
Node YY® SY^  CS® 
1st 10.397 7.253 13.027 
2nd 35.538 0.143 36.926 
3rd 65.150 21.200 65.799 
4th 94.623 1.092 100.750 
5th 31.200 
6th 1.090 
7th 65.310 
®FRF with both input and output in the y-direction. 
''frf with input in the S-direction and output in the 
y-direction. 
F^RF compensated from the case SY. 
Prlaanr aenslng axis 
r 
A" 
O'.G" 
Iiqut 
force 
B 
B" 
Fig. 1. Direction of primary sensing axis of acceleroneter attached to 
a structure which undergoes general motion (translation + 
rotation). 
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Fig. 2. Examples of frequency response functions used to extract modal 
parameters. 
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IDEAL 
3 
CROSS AXIS PLANE 
Fig. 3. Sketch showing primary sensing axis and cross-axis sensing 
plane. 
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4. Schematic diagram of triaxial accelerometer calibrator. 
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5. Time history of impulse signal sensed by the triaxial 
accelerometer mounted on the calibrator with input impulse in 
the x-direction. 
a : signal from the accelerometer whose primary sensing axis 
** is in the x-direction. 
a : signal from the accelerometer whose primary sensing axis 
is in the y-direction. 
a : signal from the accelerometer whose primary sensing axis 
is in the z-direction. 
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6. Dimensions of the resonant bar shoving coordinates and 
position of the triaxial acceleroneter. 
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Fig. 7. Zoom measurement of PRP and coherence function between the 
standard accelerometer signal and cross-axis signal with the 
primary sensing axis In the x-direction around 3rd natural 
frequency of the resonant bar. 
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CURSOR at 164.6 Hz 
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8. Zoom measurement of FRF and coherence function between the 
standard accelerometer signal and primary sensing axis signal 
with the primary sensing axis in the y-direction around 3rd 
natural frequency of the resonant bar. 
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Fig. 9. Baseband measurement of FRF and coherence function between the 
standard accelerometer signal and primary sensing axis signal 
with the primary sensing axis in the y-direction up to 400 Hz. 
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10. Sketch of Free-Free beam shoving coordinates and direction of 
impact. 
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Fig. 11. Y-direction FRF at Node 1 for input in the S-direction with 
baseband measurement, and its compensated FRF. 
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Pig. 12. Z-direction FRF at Node 1 for input in the S direction with 
baseband measurement, and its compensated FRF. 
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Fig. 13. Y-direction FRF at Node 24 for input in the S-direction with 
baseband measurement, and its compensated FRF. 
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Fig. 14. Z-dlrectlon FRF at Node 24 for Input in the S-dicection with 
baseband measurement, and its compensated FRF. 
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Fig. 15. Y-direction FRF at Node 1 for input in the y-direction with 
baseband measurement, and compensated FRF of Fig. 11. 
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Fig. 16. Y-direction FRF at Node 24 for input in the y direction with 
baseband measurement, and compensated FRF of Fig. 13. 
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Fig. 17. Y-direction FRF at Node 3 for input in the S-direction with 
baseband measurement, and its compensated FRF. 
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Fig. 18. Y-direction FRF at Node 3 for input in the y direction with 
baseband measurement, and compensated FRF of Fig. 17. 
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19. Y-direction FRF for input in the y-direction with zoom 
measurement around the 1st mode, and its compensated FRF. 
Fig. 20. X-direction FRF for input in the y-direction with zoom 
measurement around the 1st mode, and its compensated FRF. 
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21. Z-direction FRF for input in the y direction with zoom 
measurement around the 1st mode, and its compensated FRF. 
Fig. 22. X-direction FRF for input in the S direction with zoom 
measurement around the 1st mode, and its compensated FRF. 
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23. Y-direction FRF for input in the S-direction with zoom 
measurement around the 1st mode, and its compensated FRF. 
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24. Z-direction FRF for input in the S-direction with zoom 
measurement around the 1st mode, and its compensated FRF. 
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Fig. 25. Y-direction FRF for input in the S direction with baseband 
measurement, and its equivalent analytical model generated by 
Modal-Plus. 
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Fig. 26. Compensated y-direction FRF for input in the S-direction with 
baseband measurement, and its equivalent analytical model 
generated by Modal-Plus. 
cont Analytical 
• -100 -
ov 
Fraqumey In Hartz 
Fig. 27. Y-dlrectlon FRF for input in the S-direction with zoom 
measurement around the 1st mode, and its equivalent analytical 
model generated by Modal-Plus. 
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Fig. 28. Compensated y direction FRF for input in the S direction vith 
zoom measurementt and its equivalent analytical model 
generated by Nodal-Plus. 
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29. 1st mode shape of the test beam in the y-direction. 
* : 1st mode shape of the beam extracted from the raw FRFs. 
o : 1st mode shape of the beam extracted from the compensated 
FRFs. 
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Fig. 30. 2nd mode shape of the test beam in the y direction. 
* : 2nd mode shape of the beam extracted from the raw FRFs. 
o : 3rd mode shape of the beam extracted from the raw FRFs. 
A : 2nd mode shape of the beam extracted from the compensated 
FRFs. 
MODE SHAPE of THIRD MODE 
• HSZY4 o Msavs t HBCY3 
BEAM LENGTH X-AXIS 
. 3rd mode shape of ^ 
* : 4th mode shape 
o : 5th mode shape 
A : 3rd mode shape 
FRFs. 
he test beam in the y 
of the beam extracted 
of the beam extracted 
of the beam extracted 
direction. 
from the raw FRFs. 
from the raw FRFs. 
from the compensated 
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Fig. 32. 4th mode shape of the test beam in the y-direction. 
* : 6th mode shape of the beam extracted from the raw FRFs. 
o : 7th mode shape of the beam extracted from the raw FRFs. 
A : 4th mode shape of the beam extracted from the compensated 
FRFs. 
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IX. APPENDIX A. BRIEF REVIEW OF THEORETICAL ASPECTS OF NODAL 
ANALYSIS 
A. General 
Modal analysis is a technique that is used to describe the dynamic 
responses of complex structures. It is based on the concept that each 
natural frequency has a unique shape of vibration called a mode shape. 
A large quantity of literature is rapidly developing, one concerned with 
theoretical modeling problems while the other is concerned with 
experimental methods of determining structural dynamic characteristics. 
Structural vibration analysis usually starts by approximating a 
continuous system by a N degree of freedom system, where N is a finite 
number depending on the accuracy desired. For an N degree of freedom 
system, the behavior of the system can be expressed by the following 
equations of motion. 
[MJ {X} + tCJ{x) + (Kl{x) - (f) (Al) 
where [M] = N X N mass matrix 
[C] = N X N damping matrix 
[K] = N X N stiffness matrix 
(x) = displacement time history vector 
(x) = velocity time history vector 
{x} a acceleration time history vector 
{f} = excitation time history vector applied to the system 
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In the analytical approach, the analyst assigns reasonable values 
to the mass, damping, and stiffness of the system based on previous 
experience. Then, the homogeneous set of equations (Al) are solved in 
order to obtain the corresponding eigenvalues and eigenvectors for the 
system. The solution of the nonhomogeneous set of differential 
equations is assumed to be a superposition of the eigenvector multiplied 
by a time-dependent generalized coordinates. The procedure leads to an 
uncoupled set of differential equations in generalized coordinates, thus 
completing the solution [16]. 
On the other hand, the modal testing approach is based on the 
following equation. 
Xi N N A.. 
H . X w )  .  (  - i -  )  =  Z  2  i  '  Z  r ^ 2  ( A 2 )  
Fj r-1 Y - (/ r.l 
where H^j(w) is frequency response function of system at position 1 due 
to input at j 
is Fourier transform of response at i 
Fj is Fourier transform of input at j 
is the eigenvalue of the r mode 
(its natural frequency and damping factor combined) 
is the i^*^ element of the r^** eigenvector 
(namely, the relative displacement at that point during 
vibration in the r^^ mode) 
is the modal constant 
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(for mode r linking coordinate 1 and j) 
N is the number of degrees of freedom 
Equation (A2) suggests that the FRFs of the system can be described in 
terms of modal properties instead of spatial properties. The fact that 
FRFs are the quantities which can be measured in practice and, at the 
same time, can be expressed in terms of various mass, damping and 
stiffness elements of the system makes it possible to extract the mode 
of vibration directly from the measured FRFs without having to make any 
assumptions about the structural properties. This experimental approach 
ends up with a set of modes defined by frequency, damping, mode shape 
and modal constant. 
B. Modal Parameter Extraction Methods 
A major part of the modal parameter extraction procedure consists 
of curve-fitting a theoretical expression for an individual FRF to the 
actual measured FRF. Various different methods and corresponding 
algorithms are possible according to the type of FRF data and specific 
purpose of analysis. Each method has its own merits and drawbacks. 
Details of these methods and procedures are available throughout the 
current literature in this field, for example [1][17][18][19][20]. 
Thus, only a brief summary of few typical methods and their basic ideas 
are presented here. 
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1. Search peak method 
This is the simplest, and thus, the traditional way to find out 
modal parameters directly from the magnitude of FRK without employing 
sophisticated numerical procedure. 
First, the individual resonance peaks are detected on the FRF plot 
(Fig. Al), and the frequency of maximum response taken as the natural 
frequency of that mode. 
Second, the maximum value of the FRF is noted (H ) and the 
frequency bandwidth of the function for a response level of H*//2 is 
used to determined (Aw - The two points thus identified as 
and ci>^ are called the 'half-power points' as shown in Fig. Al. 
Third, the damping of the mode in question can now be estimated 
from one of the following formulae: 
iTj, = (6^  ^- a. 
Çj. - (A3) 
Where is the damping loss factor for r^^ mode. 
Last, the modal constant of the mode being analyzed can be obtained 
by assuming that the total response in this resonant region is 
attributed to a single term in the general FRF series and calculated 
from the equation 
H* . A^ /(«j.2>lp) 
or 
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Aj. - (A4) 
2. Circle fit method 
This method is based on the fact that the Nyquist plot of typical 
FRF data produces a circle-like curve in the vicinity of resonance and 
assumes the behaviour of the system is dominated by the single mode 
being analyzed around that resonance. 
Consider a receptance form of FRF with structural damping. Since 
the corresponding analysis applies equally veil to other forms of the 
FRF with different types of damping, the particular case treated here is 
simply a matter of choice for convienience. For this case, Eq. (A2) can 
be rewritten as 
Hjk(w) - E 2 + Z 2 (*5) 
J"- s-1 Wg -» «/-w+lripw^  ^ S.l Wg -«r+iir^ Wg^  
s*r 
The single degree of freedom assumption is : for a small range of 
frequency in the vicinity of the natural frequency of the r^*^ mode, the 
second of the two terms in Eq. (A5) is approximately independent of 
frequency <a and the expression for the receptance may be written as 
Hik(w) = 2-4^ r + r®ik (A6) 
The basic function, which provides important properties of modal circle, 
is 
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1 
H - = 5 (A7) 
+ it\.) 
Since the only effect of including the modal constant and residual 
is to scale, rotate and shift the modal circle about the origin, 
Eq. (A7) corresponds to the Nyquist plot shown in Fig. A2 and provides a 
means for extracting the required modal parameters. From Fig. A2, the 
r^*' natural frequency (c^) can be easily located as the frequency at 
which the modal circle has a maximum imaginary (quadrature) value. The 
corresponding damping factor is a reciprocal of diameter of modal 
circle. The actual scheme for estimating is to choose two specific 
points on the circle, one corresponding to frequency below the 
natural frequency, and the other to one (b)^) above the natural frequency 
as shown in Fig. A2. The following equations can be deduced from this 
figure. 
tan(e^ j/2) - (l-(w|,/wp)2)/t\. 
tan( e^/2) - ((w^/w^)^-l)/np 
thus, 
\ - (w^^-%^)/{Wr^(tan(e^/2)+tan(e^/2))) (AS) 
Eq. (A8) is an exact expression, and applies for all levels of damping. 
If the system is lightly damped and two points for which (the 
half power points) are specified, the following familiar formula is 
obtained. 
hp = ((«^ -(•i^ )/Wj. (A9) 
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The final property related to the diameter of the circle which, for the 
2 quantity specified in Eq. (A7), is given by l/to^ provides the value 
of modal constant as follows; 
l/jkl • (AlO) 
where is diameter of modal circle in Fig. A2. 
3. Complex exponential method 
The expression for the receptance FRF of a general multi-degree of 
freedom system with viscous damping can be writen as 
X. N r Ak ^ 
H.k(w) -  — .  E \jâ^ + (All) 
F,. r-11 S-Sj. S-Sj. J 
r' 
where ^Aj^ and s^ are the complex conjugates of ^Aj^ and s^ 
respectively. The subscripts j and k are dropped for convenience while 
the complex conjugate term is considered to be independent. Then the 
frequency response function can be written simply as 
2N A^ 
H(fc>) - Z —— (A12) 
r»l S-Sj. 
where A^^j = A^* 
Sr+1 " ®r* 
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r - 1,3,5,7, ••••. 
( j - ) 
From classical theory, the corresponding Impulse Response Function (IRF) 
can be obtained by taking the Inverse Fourier transform of the 
receptance to give 
2N 
h(t) « I A exp(s t) (A13) 
r-1 ^ ^ 
If the original FRF has been measured at equally-spaced frequencies, the 
resulting IRF will be described at a corresponding number of 
equally-spaced time intervals (At = 1/Af) and the value of h(t) for the 
Kth subinterval is 
2N 2N „ 
h(t). E A^ exp(s KAt) = Z A^ (Ut (A14) 
r-1 r.l r f 
where K = 0,1,2, 2N 
At - value of the time subinterval 
which, when extended to the full data set of q samples, gives 
h(to) 
" ^1 ^2N 
h(tp 
- Al^l * *2^ 2 * * 2^N"2N 
hds) 
• " w * * ^ 2N"2N (A15) 
h(tq) . AjUj^ + AgUgS + 
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If ZNLq, there are q+1 rows for Eq. (A15). There must exist a 
polynomial of order q that satisfies the expression 
U9 + + 3q_iU + Pq - 0 (A16) 
whose roots are Ug, ••• U^. Therefore, the polynomial may also be 
written as 
(U-Ui)(U-U2)' "(U-Uq) . 0 (A17) 
In order to determine the coefficients 0^ of Eq. (A16), multiply row 1 
of Eq. (A15) by (9^, the second row by etc., the qth row by q^ and 
finally the q+1 row by gy ( note Thus Eq. (A15) becomes 
 ^^ q(^ l + ^ 2 * + AgQ ) 
*2^ 2 * 2^n"2N ) 
(A18) 
*^h(tq_i) - ^ + AgUgS ^ + + AgjiUgf,** 
^h(tq) - %(AiUi9 + AgUgS Ag^Ug^^ ) 
Summing all terms in Eq. (A18) yields, 
q q 2N „ 2N q „ 
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From Eq. (A16), the quantity 
KÎO W • » 
since is a root of this polynomial. Thus 
K.0 
(A20) 
An additional q-1 equations can be obtained by performing the same 
operation starting with the second row of Eq. (A15) and so on. An 
additional row must be added to Eq. (A15) for each additional equation 
thus obtained. The physical significance of these operations is to 
increase tg and t^ by At and therefore make the final sum invariant. 
The result is 
h(tq_i) h(tq_2) hCt*) ' h(tq) ^ 
h(tq) h(tq_l) h 
h^t2q_2) h(t2q_3) h(tq %) J ^q J ' ^(*2q-l)' 
(A21) 
The above equation can be solved for the g's which may then be 
substituted into Eq. (A16) and the values of are determined using an 
iterative polynomial solver. Values for and ^ can be found from the 
relationship in Eq. (A14). Finally, q rows of Eq. (A15) can be used to 
determine the modal constants A^ through Ag^ as follows 
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1 1 
'^1 ' 'h(to) ' 
"l "2 "2N ^2 hCtj) 
"1= 
V - ^3 
m  *  h( 12) 
... „ 2N-1 
"2N •'  ^^ 2N ' ' h(*2N-l)' 
(A22) 
|H| 
H* 
HVi/2 
w 
r 
Fig. A.l. Details of magnitude of FRF around natural frequency. 
Im(H) 
Re(H) 
Fig. A.2. Details of Nyquist plot of FRF around natural frequency. 
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X. APPENDIX B. TRANSVERSE SENSITIVITY OF PIEZOELECTRIC 
ACCELERONETER 
The output voltage of an ideal piezoelectric accelerometer depends 
upon the direction of applied acceleration [21] and is given by 
• W»® <"> 
where is the output in the direction of maximum sensitivity and 9 
is the angle between the direction of maximum sensitivity and the 
direction of acceleration. The directional dependence of sensitivity of 
an ideal accelerometer is shown in Fig. Bl. If the maximum sensitivity 
is in the y-direction of Fig. Bl, the sensitivity in the xy or yz plane 
is described by a figure-eight locus. It is the experimentalists 
efforts to minimize angle 0 by aligning the direction of response and 
the direction of maximum sensitivity. The sensitivity at 8=90° is 
called the transverse sensitivity. In an ideal accelerometer the 
transverse sensitivity is zero. 
Because of practical manufacturing tolerances, the piezoelectric 
element in an accelerometer may not seat tightly against the frame, the 
mass may have an axial tilt, or the mounting stud or flat may vary 
slightly from the ideal direction. These factors create an effective 
angular tilt of the axis of maximum sensitivity. The effect of tilted 
axis of maximum sensitivity can be found by considering the orientation 
of the frame axes of accelerometer with respect to the piezoelectric 
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element axes. Instead of specifying nine direction cosines, the 
relationship between these two axes can be obtained by applying three 
successive rotations through Eulerian angles a, fi, and y as in Figure 
B2. The sequence of rotation is such that the first rotation through s 
angle a about axis X brings the triad into coincidence with axes 
X',y',z'. A further rotation (3 about axis y' puts the axes into 
orientation xM,y",z". Finally, a rotation y about z" makes the triad 
coincide with the frame axes x,y,z. With this coordinate axis, the 
relationship between the sensitivities of piezoelectric element and 
those of actual accelerometer is given as 
C Y  S Y  0 
S  Y  C Y  0  
0 0 1 J 
c(3 0 -s(5 
0 10 
s3 0 c(3 . 
1 0 0 1 
0 CO sa 
0 -sa ca 
Sx 
'Z 
C(3CY COSY+SOSGCY SOSY-COS(3CY 
-C(3SY COCY-SOSGSY SACY+COE(3SY 
sfi -sccfi cacfi 
r Sx 
(B2) 
where S^, S^, are sensitivities of actual accelerometer 
Sy, Sy, Sg are sensitivities of piezoelectric element 
ca, eg, CY are cos a, cos#, COSY, respectively 
sa, s g, SY are sina, sing, sinY, respectively. 
For an ideal piezoelectric element, Sy is maximum sensitivity and 
are zero, therefore practical sensitivities of an accelerometer can be 
expressed in terms of maximum sensitivity of a piezoelectric element as 
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follows; 
Sjj • ( coso sinr + slno sing cosy ) 
Sy • ( cosa COSY - sina sing slny ) (B3) 
Sz - <-sln« cose ) W 
The directional dependence of an accelerometers' sensitivities are 
easily recognized. 
Consider special case where angle ot«0 in Fig. B2, each 
accelerometer sensitivity can be redefined as 
S, -
®p • '"T W (»4) 
Sz - 0 
where is primary axis sensitivity, and is transverse sensitivity. 
The maximum transverse sensitivity is defined as the percentage ratio of 
the transverse sensitivity to the primary axis sensitivity and is given 
by 
Maximum Transverse Sensitivity - tany X 100 X (B5) 
which is often provided as the specification for an accelerometer from 
the manufacturer [22]. For this special case, if the response to be 
measured is inclined by angle * in the transverse plane ( xz plane ), 
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then more a general expression for the transverse sensitivity is given 
as 
X Transverse Sensitivity > tany cos* X 100 (B6) 
from which familiar typical transverse sensitivity plot is drawn as in 
Fig. B3. 
The problem in using Eq. (B6) is that it is impractical to specify 
angles y and + for a given accelerometer. Furthermore, the cross-axis 
plane of the accelerometer is no longer perpendicular to the maximum 
sensitivity axis which is tilted angle r with respect to the primary 
sensing axis of the accelerometer. Therefore, Eq. (B6) is valid only 
when the motion is restricted in the cross-axis plane. 
99 
* 
Fig. B.l. Directional sensitivity of an ideal seismic piezoelectric 
accelerometer. 
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y,y" 
ACR OF ROTATION 
X,x» 
z" 
Pig. B.2. Orientation of tilted frame axes of accelerometer with 
respect to the piezoelectric element axes. 
X Y Z ; Original piezoelectric element axes. 
x'y'z': First intermediate axes rotated angle a about 
X-axis. 
x"y"z": Second intermediate axes rotated angle 0 about 
y'-axis. 
X y z : Final frame axes rotated angle r about z"-axis. 
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TRANSVERSE 
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RESPONSE OF 
ACCELEROMETER 
B.3. Typical transverse sensitivity plot for a piezoelectric 
accelerometer. 
